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Abstract 

We present classical solutions for a D5 and iv.S'S-branes in a pp-wave background. The 
worldvolume coordinates for these branes lie along a six dimensional pp-wave configuration 
obtained from AdS$ x S3 in a Penrose limit. One in addition has nontrivial R-R 3- form 
field strength as well as a dilaton background. Classical solutions for Dp-branes (p > 5), 
as well as their bound states, are then generated in both IIA and IIB string theories by 
using T-duality symmetries. We also briefly discuss the construction of Dp-branes in pp- 
wave backgrounds, obtained from string theories on AdS m x S m . Finally, the construction 
of the above D5-brane solution is presented from the point of view of the Green-Schwarz 
worldsheet string theory and its low lying spectrum is discussed. 



String theory in the presence of pp-wave backgrounds |1|-[7|] has generated lots of 
excitement among physicists searching for a deep connection between quatum gravity 
and gauge theory dynamics. Such string backgrounds are technically tractable, and have 
direct applications to the four dimensional conformal theories from the point of view 
of a duality between string and gauge theories. The fact that pp-waves provide exact 
solutions of string theory, including in the presence of R — R fields Q, is now known 
for long time. It has now been realized that in some special cases, they give rise 
to exactly solvable string theory with a quadratic action. As a result the spectrum of 
the theory can be explicitly obtained. Moreover, an interesting connection of pp-wave 
background with gauge field theories emerges by realizing that they can be obtained [|T(| 



in Penrose [IT| scaling limit from a geometry of AdS p x S q type. This finally leads to a 



duality between string theories in pp-wave geometries and gauge theories, originally living 



on the boundary of the AdS spaces |12|-|16| 



In view of the importance of BPS branes (preserving certain amount of supersymme- 
tries) in understanding the non-perturbative dynamics of string theories, in this paper, 
we first present classical solutions of a D5 and an NS 5-bra.ne in the background of a 
pp-wave. These are obtained from known classical solutions for such branes in AdS% x S 3 



background p7|] ■ By setting the brane charges to zero, in our case, we obtain a ten di- 
mensional solution with a six dimensional pp-wave background, giving rise to a massive 
Green-Schwarz string theory. Four spatial dimensions transverse to the branes, for these 
solutions, are flat. 

To obtain our solution, we now begin by writing the Ins + §ns + 5'^ solution given 



in 



d s 2 = g^(x, y)(-dt 2 + dz 2 ) + H 5 (x)dx n dx n + H' 5 (y)dy m dy m , (1) 
dB = dg^ 1 AdtAdz + *dH 5 + *dH' 5 , (2) 

(3) 



^ _ H 5 (x)H' 5 (y) 



9i(x,y) 



1 



where 



[H' b {y)d 2 + H 5 (x)d y 2 ] gi (x,y) = 0. (4) 
A paticular solution for gi is given as: 

g l (x,y) = H 1 (x)H' 1 (y), (5) 



with 



p2 p2 p/2 p/2 

^1 = 1 + % # 5 = l + % ^ = 1 + ^, #5 = 1 + % (6) 



By setting if{ = 1, the above solution becomes a direct product of NS1 + NS5 configu- 
ration, together with an NS5-brane. Then, in a decoupling limit x — > 0, one obtains from 
the metric given in (|l|) ||17|| : 

rfs 2 = -2 (-rft 2 + dz 2 ) + # 2 — + R\dttl + H' 5 (y)(dy 2 + y 2 dQ' 3 2 ), (7) 

where one has also used Hi = to simplify the expression. Finally, by using an S-duality 
transformation on the background mentioned above, one obtains a metric: 

x / , o i o \ dx 



ds 2 = H'f 1 ' 2 



dt 2 + dz 2 ) + R 2 ^ + Rfdnl + H' 5 L '\y){dy 2 + yW a 

xl-^ X 



We now obtain the D5 brane solution in the pp-wave background, by interpreting the 
metric in eqn.(U) as that of a D5-brane in AdS^ x S% x i? 4 . The coordinates t,x and z 
in the above solution represent the AdS% space, whereas d£l\ is the metric of an S 3 . It 
is also evident that the worldvolume of the above D5-brane solution coincides with this 
AdS% x S 3 space and transverse directions to the branes are represented by the coordinates 
y m . We now apply the Penrose limit [TD| on t,x,z, as well as on the coordinates of S 3 



parametrized as: 

dQ 2 3 = dip 2 + sin 2 ^jdQ 2 2 , (9) 
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on the D5-brane metric in (0). Then, by following the procedure in ||10|| , one obtains from 
the metric in (^|): 

4 4 

ds 2 = H'f 1,2 \dudv - ]T z i2 du 2 + dz%d A + H 5 1/2 ( d y 2 + y 2 d% 2 )- (10) 

1=1 1=1 

As is noticed, the y dependence in the limiting procedure described above remains un- 
changed due to a simultaneous scaling of y together with R' 5 . 

The expression for the dilaton field in the Penrose limit above can be found rather 
easily and is given by 



e 



24> 



mr 1 - (ii) 



The expression for the (R — R) (3rd rank antisymmetric) field strength (H R ) in the pp- 
wave limit is obtained from the NS-NS field strength given in expression (||]) by applying 
S-duality transformation on these fields. As is noticed, in this case there are several 
nonzero components. In the pp-wave limit, the constant field strengths: H R 12 and H R 34 
emerge from the first two terms in the RHS of eqn. (0), in two steps. First one obtains, in 
x — > decoupling limit, expression for the field strength that is given by the appropriate 
levi-civita tensors on AdS 3 [111] and S 3 respectively. In the second step, one applies the 



Penrose limit following the procedure mentioned above to get constant field strengths |12| : 



#+12 = H R U = 2a*. (12) 

We however notice that the last term in the RHS of eqn. (^) also survives the above lim- 
iting processes and its functional form remains unchanged. As a result we have additional 



nonzero components of the R — R 3-form field strength |19 



H mnp = e mnpAH' 5 (y). (13) 

Here we once again like to emphasize that all the three terms: representing the field 
strengths on AdS^, S 3 and R A , of a D5 brane solution, have identical scaling properties, 
when standard Penrose scalings of 0] are applied in the AdS^ x S 3 part and transverse 
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coordinates are scaled appropriately. We have therefore presented a classical solution 
corresponding to a D5-brane in an exactly solvable pp-wave background. 

We can also write down the NS5 brane solution in a pp-wave background using the 
metric in equation (|7]). One now obtains the metric: 

4 4 

dS 2 = [dudv -fi 2 Y, ^du 2 + E dzi(i A + H '^dy 2 + y 2 dQ 3 2 ). (14) 



•2 

i=l i=l 

The dilaton now has a form: 



e 2 * = H' 5 (y). (15) 

The antisymmetric tensors are exactly of the form in eqns. ([12]) and fll3|), with 'R' replaced 
by 'NS' in these equations. 

Now we generate Dp-branes (p > 5), starting with our solution as given in eqns.([T0|)- 
(|13|) by applying T-duality |20|,^T| along the transverse directions of the D5-brane. Ap- 
plying this procedure to a tranverse coordinate x one obtains a D6 brane in type IIA 
theory. The explicit solution for the non-zero components of the metric, field strengths 
and dilaton are then given as follows: 

e — _n 6 , 

A (i) = A (R) . F (i) = Q JJ 

4^1 = F iaPl = d^Asai3 + cycl. = H { a f 7 : F £ul2 = F &uU = 2/x, (16) 

4 4 

dS 2 = H 6 - 1/2 [dudv -fi 2 Y, zi2 du 2 + E dz l dz l + dx 2 } + H Q 1/2 (dr 2 + r 2 rffi 2 2 ), (17) 

i=l i=l 

with if 6 = (1 + Rs/r), r being the radial coordinate in transverse direction and 
denotes the field strength that we found earlier for the D5 brane solution in the IIB 
theory. Integer subscripts in field strenghts above denote coordinates z"s and indices /i, v 
run over the longitudinal directions. For fi = this solution reduces to the standard 
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DQ brane in type IIA theories ||22|| . One can continue this exercise further to the higher 
branes as well. Then, for example, a logarithimic Green function appears for a D7 brane 
and a linear function appears in the solution for a D8 brane [p3fl . The explicit solution 
for the D7 brane (H 7 = 1 — /iln(r//)) |2l[j is given as: 



e 2 ^ = H? 2 , 



y = ■ d y = -e d H-7 



F (5) _ p(5) _ 2 
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dS 2 = i/ 7 - 1/2 [d«dv - /i 2 E ^ 2 d« 2 + £ W + dx 2 + dy 2 ] + # 7 1/2 (dr 2 + r W) . (19) 

j=i «=i 

Solutions corresponding to the bound states of Dp branes can also be constructed using the 



procedure given in pi| . For example, a D5 — D7 bound state solution can be obtained 
from the D6 brane solution in eqns.(|l^) and ( |l7|) by applying a rotation between the 
longitudinal coordinate x and one of the transverse coordinate y for this solution, and then 
applying T-duality along (rotated) coordinate y' . We skip the details of this solution and 
now briefly discuss the construction of Dp branes in other pp-wave backgrounds. These 
backgrounds can be obtained from string theory on AdS m x S m for some other values of m. 
In m = 2 case, for example, relevant field strength living on AdS2 and S 2 now correspond 
to a 1-form field. It should therefore be possible to constuct D4 branes in a pp-wave 
background, now originating from AdS2 X S 2 x R. One now has R 5 as a five dimensional 
transverse space on which a 4-form field strength of the type: F mnpq = e mnvqr d r ii^ lives. 
One in addition will have constant field strengths of the type: F^l = = fi. Once 
again, by applying T-dualities, all the higher branes can be obtained. This process can 
also be repeated for D8 branes in a pp-wave bakground obtained from AdS^ x S A x R. 
We hope to come back with explicit solutions of these types in near future. 

We now proceed to construct the D5-brane, obtained earlier as a classical solution in 
supergravity, from the point of view of a first quantized string theory in Green-Schwarz 
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formalism in light-cone gauge. The relevant classical action to study in our case, obtained 
from Ad S3 x S 3 x R 4 by applying the Penrose limit, has a form ||: 

L = Lb + Lp, 

Lb = d + ud-V — m 2 x 2 + d + Xid-Xi + d + x a d-X a . (20) 

Lp = i9 R j v d+9 R + i6 Ll v d-6 L - 2im9 Ll v M9 R , (21) 

m = a'p u /j, = 2a'p v /j,, (22) 

M = -i( 7 12 + 7 34 ), (23) 

where (9 R , 9l) are 16-component Majorana-Weyl spinors in the right and left moving 
sectors. Xi and x a in eqn.(|20|) refer to the longitudinal D5 brane coordinates z % and 
transverse ones y m in the metric given in eqn. ([!]). The form of the matrix M in the 
present case leads to only half of the fermions picking up masses 0. This is different 
from the case of pp-wave background that is obtained from AdS$ x S 5 |24],p5|, and leads 
to some differences in our case compared to the one in p4 . 



The equations of motion following from (^) has a form: 

d+d^Xi + m 2 Xi = 0, d + d_x a = 0, (24) 

d+6 R - mM6 L = 0, d-9 L - mM9 R = 0. (25) 

After solving the light-cone gauge condition one rewrites the above action, as well as 
equations of motion using 8-component spinors Sl and S R . The equations of motion have 
an identical form as in (|2~4]), (BBT) by replacing 9l, r by Sl, R - The matrix M now is an 8 x 8 



one of the same structure as in (|23|) . Keeping in mind the explicit form of the matrix M, 
which evidently breaks the 50(8) further, one splits the fermions in the 8 — > 4 + 4 way: 
Sl (Sl, Sl), S r — > (S R , S R ): 
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Finally one introduces 4x4 matrices A and E: 

^ &:)-&■ 

with A 2 = £ 2 = — 1. A and £ in the above equation are 4x4 antisymmetric matrices 
with eigenvalue ±i. Using these notations one has: 

The equations of motion written in terms of (Sl, Sl) and (Sr, Sr) are then of the form: 
d + S R - mAS L = 0, d^S L - mAS R = 0, (29) 

d+S R = 0, d.S L = 0. (30) 

We now write down the open string boundary condition [^] corresponding to the 
above D5-brane configuration. These are given on the longitudinal bosonic coordinates 
x l , (i = 1, ..,4) and transverse ones x a (a = 5, ..,8) by standard Neumann and Dirichlet 
conditions. For spinors we have: 

5l|o-=o,7t = QS R \ a= o^, (31) 

with Q being the product of 7 matrices along the Dirichlet directions. Q has to satisfy 
the following consistency conditions in the present case: 

[n,i\ = o, (32) 

VLMVL = M. (33) 

The first of these equations follows from the requirement that Sl and Sr have the same 
SO (8) chirality. The second condition is a consequece of a consistency condition on the 
above equations of motion in the zero mode sector, leading to one half supersymmetry. 
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The explicit form of Q in our case is given by Q = 7 s678 and leads to the following 
boundary conditions on (§1, Si) and (Sr, Sr) using eqn.(^TJ): 

Sl\ a =0,n = — <Sfl|<7=0,7r; (34) 
Sl\ a =0,n — 5ii|(7=0,7r- (35) 

Now, as the equations of motion as well as the boundary condition for the components 
Si^r are identical to the ones in flat space, we only concentrate on finding explicit solution 
for S>L t R below. 

Explicit solution for x % and x a are given as: 

x l (o, r) = [xlcosmr H p l sinmr] + % — cz n e~ lWnT cosno, (36) 

x a (a,r) = -a a n e- inT sinna, (37) 



where u n = sgn{n)\/n 2 + m 2 and oscillators satisfy the following commutation relations: 
K,af] = S n+l 5 IJ , [4,4] =8^, (38) 
with indices J, J running over all the eight coordinates. We have also used the definitions: 



(pi + imx l ), a l = -i=(po - imx % ), ai = x U—a T n . (39) 



For Si t R we have the solution of the equations of motion |J: 

S a L = [S a cosuj T - S a sinuJoT} + ]T ^kl<t>nS a n + — K - n) At S b n (j) n } , (40) 

S-r = A a b [S h cosu; T + S b sinu r] + ]T -^=[0nS a n + -{u n - n)A a b S»J n ], (41) 



where c n = m/ ^m 2 + (u; n — n) 2 ) and 

n = exp-i(^ n r + ncr), 0„ = exp -i{u n r - no), (S '_ n = S ] n etc.) (42) 
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Moreover, the boundary condition eqn. ( |3"1~D implies: 

S£ = -(A^o) a , S% = -S a n . (43) 

One can now put the conditions fl43|) back into the solutions in eqns. fl40|) and fl4l|) to 
find out that indeed the boundary conditions in eqns. (|34]) and fl35"D are being satisfied. 
The commutation relations for the above spinor components turn out to be of the form: 

{S a 0l S b } = 5« b 1 {S a nl S b _J = 6 ab . (44) 

The total Hamitlonian can be written as: 

H = H + H + H, (45) 

where 

777 ~ ~ 

H = -(ay Q -iSgAS8) + eo, 

1 oo 

P n=X 

1 00 - t - 

H = 3lEM< t < + ^^)- (46) 

P 71=1 

with eo being the zero point energy. The form of the zero mode part of the hamiltonian 
implies that the ground state degeneracy of a D5-brane spectrum is broken. To analyze 
the spectrum of the states, we use the fermionic creation and annihilation operators 
constructed out of spinors: S and S. Since both of these are 4 component objects, each of 
them give rise to two such creation operators and two annihilation opertaors. Then sixteen 
states (at a level defined by the vacuum energy e = 2/x f24|), in this representation, are 
obtained using these operators on appropriate Fock vacuum for \i = 0. On the other hand 
for fi ^ 0, there is a splitting in this spectrum which can now be analyzed by simply 
taking into account the H part in eqns.(^) and fl46|) . 

We have therefore obtained explicit construction of the open string describing the D5- 
branes in the pp-wave background presented earlier in this paper. It will be interesting to 
generalize these results to other D-branes and their bound states, discussed in the paper, 
as well. We however leave this as a future exercise. 
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